Abstract This paper presents an experimental and theoretical investigation of the sources of error in the measurement of Planck's constant using the photoelectric effect. It points out the approximate nature of the Einstein photoelectric equation and gives details of a method of determining h which avoids the problems of measuring 'cut-off potentials. The design of a simple photodiode is also given which does not suffer from having a detectable reverse photocurrent or leakage current. Finally there is a brief discussion of the early measurements of h which attempts to show how some important misconceptions have arisen.
Introduction
The measurement of Planck's constant using the photoelectric effect has a long history stretching back to the beginning of this century. The work of Millikan (1916a) during the years 1905-1916 appeared to establish Einstein's interpretation of the photoelectric effect in metals upon a sound experimental base. Millikan's experimental apparatus was very sophisticated, this sophistication being apparently justified by the accuracy of his final result which was 6.57 k 0 . 0 3 X Js.
Simple experiments to measure Planck's constant using the visible photoelectric effect are to be found in many undergraduate teaching laboratories. It is my experience that the results are almost always low and on occasion are negative. It was to understand these effects that the following experimental and theoretical investigation into the design of the apparatus and the interpretation of the photoelectric effect was carried out. energy of a photoelectron in vacuum, E,,, is related to the energy of the photon hv and the work function of the emitter e 4 by: E,,, = hv -e$.
Einstein argued that there would be electrons ranging in energy from zero to E,,, from the assumption that electrons could lose energy during their escape from the metal. Further it was expected that E,,, would be observable and independent of light intensity. There are two. distinct experiments that can be performed to investigate the above relationship, both of which use monochromatic light sources focused upon a cathode in a vacuum photodiode. The first method employs an open circuit diode, and allows the anode to charge negatively in response to the photocurrent from the cathode until no more electrons can reach it. The reverse, selfinduced, bias is then measured as a function of frequency. The second method, used by Millikan amongst others, observes the curve of the photocurrent plotted against the retarding voltage and attempts to measure the voltage at which the cur-rent becomes zero, as a function of the frequency of the light.
There are several complicating effects in a practical photodiode which may cause the cut-off energy to be difficult to observe. These include: (a)point to point variation of the work function of the cathode, (b) energy dependent electron reflection at the anode, ( c ) geometrical effects which cause an electron to have sufficient energy but insufficient momentum to reach the anode, ( d ) reverse photoelectric and leakage currents and ( e ) thermal effects. These effects may cause different problems for the two experiments and thus it is useful to discuss them separately.
The two experiments

The reverse, self-induced bias, method
It was originally thought that this method would lead to better estimates of E,,, than the Millikan method because it overcame the two problems of variation of work function and imperfect geometry. In the cut-off region, where the reverse voltage has reduced the photocurrent to very small values, only electrons which originate from regions of lowest work function, with trajectories almost parallel to the field lines, contribute to the cut-off voltage. Thus a polycrystalline cathode appears in this region to have a single-valued work function and ideal geometry, in the sense of condition ( c ) . It was clear that if the point at which the photocurrent goes to zero is to be observed the reverse current would have to be negligibly small, for if it were not, one would simply detect the point at which the forward and reverse currents balance.
In order to investigate the reverse bias experiment a very low reverse current planar vacuum photodiode was designed. It has a cathode work function of approximately 2.5 eV and anode work Figure 1 The vacuum photodiode. C is a 3 cm diameter nickel disc; A is the oxidised copper anode and AMG is the caesium generator which lies in the plane of A and behind it. function of greater than 4.0 eV. This is achieved by having a nickel cathode and oxodised copper anode. The cathode is caesiated to reduce its work function to about 2.0eV. The effect of monolayer quantities of caesium on the anode is to leave it with a work function in excess of 4.0 eV. Figure 1 shows the basic layout of the tube, it has a pyrex envelope, the caesium generator is an SAES getter strip, which lies in the plane of the anode and points towards the centre of the cathode, and surrounding the anode lead is a glass sleeve to prevent leakage currents. (See the appendix for details of processing and performance.)
The tube was in the process of manufacture when it was realised that the reverse bias experiment was basically unsound. The problem is this: if there is absolutely no reverse current from whatever source, the reverse standing voltage, due to the photocurrent, increases without limit. This arises from the thermal distribution of the free electron energies in the cathode, for it will be recalled that for all finite temperatures T and energies E the free electron energy distribution function, which is proportional to E1"/(l +exp(E -E,)/kT), is finite. As long as one waits a sufficient time there will always be electrons which can surmount any finite reverse bias.
Consider the effect of measuring the self-induced reverse bias. Placing a voltmeter across the diode will cause the unknown reverse bias to settle down to some measured value V; if the voltmeter has an internal resistance R , a photocurrent VIR must flow. The measured value V will depend upon light intensity in a non-linear way. Consider figure 2 where two schematic current-voltage curves are shown for two different intensities of the same wavelength light: VI and V, are the two measured self-induced reverse biases and I1 and l2 are the two measuring photocurrents, VJl1 = V2/12 = R, the instrumental resistance. The actual shapes of these functions will be discussed in 03, however, the point to note is that increasing the light intensity at any wavelength causes the cut-off voltage to increase.
As the measured cut-off voltage increases with light intensity it is possible for the cut-off voltage for an intense red line to exceed that for a weak blue line and thus indicate a negative value of Planck's constant. Figure 3 shows the reverse selfinduced bias (cut-off voltage) as a function of light intensity measured with one of the special diodes, an argon ion laser, tuned to 514.5 nm and a Keithley 616 dmm with input resistance set at 10" R. as the laser power was increased from 0.005 to 2.0 W the observed cut-off voltage increased from 0.22 to 1.17 volts.
Figure 3
The measured reverse standing voltage plotted against photon flux in one of the special diodes using a Keithley 616 digital multimeter with 10" Cl input resistance.
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This method of determining Planck's constant has not been pursued further.
The Millikan method
The photodiode designed for the previous experiment allows the observation of the ( l -V) curves without the complicating effects of a reverse current, however all the other effects mentioned in the introduction are expected to be present. Figure 4 Observations of five photocurrent retarding curves with the onset regions of the 313, 334 and 365 nm curves magnified and replotted as A, B and C to be parallel to the 436 nm curve. In order that the replotting procedure should be successful there must be a very large forward to reverse current ratio.
is also expected that the energy at which the photocurrent becomes negligible with respect to the system background will increase with increasing light intensity. Figure 4 shows five ( I -V) curves obtained with one of the special diodes for wavelengths varying between 313 and 436 nm. The curves were obtained with a mercury arc lamp and monochromator, and the light was focused to a small spot at the centre of the cathode. The curves have been normalised to display the high current regions on the same scale; the feet of the curves have been displaced slightly in order to show them clearly.
As expected the curves approach zero current asymptotically, there being no well defined cut-off energy. The small curve marked A is the foot of the 313 nm curve replotted by increasing the current gain by a factor of 3. This is equivalent to increasing the light intensity by the same factor and shows the shift in energy at which the photocurrent becomes effectively zero, with light intensity. The detailed shapes of the tails of these curves may be due to any or all of the effects mentioned in the introduction, however, as there is no observable cut-off energy, there is no way the Einstein theory can be used to obtain Planck's constant from them.
A theoretical analysis of the I -Vcurves in a planar photodiode
In order to obtain an understanding of the relative importance of the various broadening mechanisms of the I -V curves the following analysis has been performed. It is only expected to be successful when the Fermi energy is large compared with the most probable energy of photoemission.
We wish to know the photocurrent as a function of energy and angle for various photon energies in order to compute the ( I -V) curves of the diode.
Thus consider a small volume d7 in the cathode and let the free-electron number density be n. Referring to figure S the number of free electrons in d7 is nr2 sin 8 dr d8 dq.
Let F(E) be the density of occupied electron states, then the number of electrons in d7, with energies between E and E +dE, dN(E), is
For the alkali metals it is reasonable to assume that F(E) is the free-electron energy distribution function, however, for the transition metals, if accurate results are to be obtained for the higher photon energies, the appropriate density of OCcupied states function for the metal concerned must be used.
Letting the photon flux through d7 be P S" m-* and the photon absorption cross section be Q(E); the number of photoelectrons excited in d7 per second in the energy range E to E + d E is equal to PQ(E)nF(E)r2 sin 8 dr dB dq dE.
( 2 )
Assuming that these electrons are isotropically and elastically scattered out of d7 the number arriving at dS per second is
(1/4.rr)PQ(E)nF(E)exp(-r/A(E'))
x sin 8 cos 8 dr dS dq d8 dE ( where E' = E + hv, the energy of the photoelectrons in the metal and A(E') is the energy-dependent mean free path for electron scattering in the metal. Over the escape depth of the photoelectrons the photon flux is sensibly constant because the mean free path for photon scattering is some forty times greater than for electron scattering. Integrating the above expression over r and cp gives the flux of photoelectrons coming from angles 8 to 8 + d e in the energy range E to E + d E as
For an electron to escape into the vacuum its kinetic energy, $mu2, angle of approach 8, and the potential barrier @, must be related by: fmu' cos2 @ s e @ , ( e @ = E , + e 4 i.e. the Fermi energy plus the work function). The kinetic energy of the electron is equal to the energy it possessed from the energy distribution plus the energy of the photon; thus (E + hv)cos' 8 3 e@. For an electron to escape, its approach angle 8 ccos"[e@/(E + hv)]"'. The number of electrons which can escape is then found by integrating equation (4) over 8 to give (5) where T(E', 8) is the barrier transmission factor.
These electrons emerge into the electric field of the planar diode with an energy E + hv -e@ and at 
) =iPQ(E)A(E')T(E', B)nF(E)
For a plane diode with an infinite ratio of anode radius x,, to anode-cathode spacing yo the maximum angle of photoemission for collection at the anode at a retarding potential difference V and energy E is
For a finite anode radius x,, there exists a minimum value for V / E , at which all electrons which satisfy (7) strike the anode. In order to obtain G,,,= one must solve the equations of motion for an electron leaving the cathode at an angle 4 into a plane retarding field V/y,,, having some initial energy E,. The maximum angle, with which an electron can leave the cathode and arrive at the anode, of radius x", having surmounted a plane potential barrier V is given by For any energy E, there will be a range of values of V for which +m,,, is defined by (7), beyond this range it is necessary to use (8). Writing sin2 &,,. =
Solving (9) for various values of xo/yo gives the critical values of V / E , for various anode radii to diode spacings. The flux of electrons striking the anode originating from the energy distribution at an energy 
Some experimental and theoretical results
The photodiodes have a caesiated nickel cathode and an anode radius to diode spacing of approximately unity. The Fermi energy for nickel is about 9.0 eV; the potential barrier of caesiated nickel is taken to be 12 eV, measured from the bottom of the conduction band, i.e. -3 eV from the vacuum; T is taken to be room temperature.
The following approximations have been used in order to make (10) tractable. Over the range of electron energies in the conductor which take part in pho'toemission, Q ( E ) , the photon absorption cross section, A(E'), the electron mean free path and T(E', e), the electron transmission coefficient are all assumed constant. For a photon energy of 4 eV the energy range for photon absorption to produce photoemission is 8-9 eV, plus a few kT, and for internal photoelectron scattering it is 12-13 eV. In both cases the energy range is small compared with the actual energy and thus both Q ( E ) and A (E') are expected to be reasonably constant. The angular effects of the transmission coefficient T(E', 0) are expected to be small because of the small angular range involved in near threshold photoemission.
The transmission coefficient T(E') and the anode collection efficiency C ( E J are both expected to be strongly energy dependent in the threshold region; however, no account of this behaviour has been taken in evaluating the theoretical I -V curves.
The density of occupied electron states, F ( E ) , for nickel has been taken from the experimental measurements of Pierce and Spicer (1972) . The rapidly falling, high-energy part of the measured density of occupied states function has been replaced by the equivalent part of the free-electron function, for a temperature of 293 K. This procedure has been adopted in an attempt to remove the effect of finite-energy resolution from the function and to give it its almost inevitable thermal tail.
The results of experimental photocurrent- Quantum efficiency measurements show that the work function of the cathode is about 2.65 eV, giving electrons photoemitted at the Fermi energy with a photon of energy 2.85 eV, a vacuum energy of 0.2 eV. As the value of the work function used in the theoretical calculations is 3.0 eV, electrons excited at the theoretical Fermi energy by photons of energy 3.2 eV will also have a vacuum energy of 0.2eV. Thus the experimental 2.85 eV curve should be directly comparable with the theoretical 3.2eV curve. The 3.96 eV experimental curve should lie 0.31 eV to the right of the 4.0 eV theoretical curve. The overall agreement between experiment and theory is surprisingly good. The theory shows that the major difference between curves for different photon energies is due to the difference in accelerating voltage required to collect high-and low-energy photoelectrons in the diode. The photoelectrons are emitted into the vacuum at all angles, thus the accelerating voltage required to cause all large-angle, high-energy electrons to strike the anode is much higher than that for the large-angle low-energy electrons. The tail in the retarding region of both curves is in reasonable agreement with the theory, showing that this region is dominated by the effects of temperature and geometry. No account of any variation in work function of the cathode has been taken in evaluating the theoretical (I-V) curves and thus it may be concluded that it is unimportant in this particular diode. Figure 7 shows the theoretical ( I -V) curves without any scaling; for equal fluxes of 3.5 and 4.0 eV photons. A point of interest is that the two curves appear parallel over a significant part of the foot of the retarding region. Figure 8 shows the threshold region on a much enlarged energy scale with the 3.5 eV curve plotted in its correct energy position and also displaced to the right by the difference in photon energies, i.e. 0.5 eV. It will be noticed that the curves are very reasonably parallel over about 0.2 V around the tails and as they tend to zero current they become coincident. Thus if the (I-V) curves were measured with the same photon flux for both photon energies, h could be estimated reasonably accurately by measuring the energy displacement of the parallel retarding curves in the observable onset region. 'Parallel' is here used to describe the property of 'continuous equidistance': it does not imply any rectilinear behaviour.
In hindsight one might expect the tails of the various (I-V) curves to be displaced, one from another, by approximately h(v, -vi). This occurs because these tails are dominated by the region of figure 7 with the retarding curve for a photon energy of 3.5 eV plotted in its correct position and also shifted by 0.5 eV, for direct comparison with the curve for 4.0eV photon energy. rapid fall of the energy distribution in the metal. In escaping from the metal all these electrons simply increase in energy by hv -e+ The energy distribution is modified in the process of transmission by geometrical and quantum mechanical factors, however in a planar diode the geometrical modification upon transmission is compensated, to a large extent, by the collection geometry of the diode. The quantum mechanical effects are of secondary importance except possibly for the barrier transmission coefficient T ( E ' , 0) which appears, from experiment, to be insignificant. That the curves should be accurately parallel for equal photon fluxes, over an extended energy range in the region of the tail is an accident of planar geometry.
There are two difficulties in making measurements with identical photon fluxes; firstly the experimental apparatus requires a calibrated radiometer; secondly as the quantum efficiency may vary by a factor of twenty or more with wavelength, displaying the curves on the same current scale may make those near threshold difficult to observe. It is possible to simulate the effect of measurement using equal photon fluxes, for the y gain can be altered and the threshold regions replotted so that they all appear parallel. The effect of this procedure is shown in figure 4 as the small curves A, B and C; it eliminates the problem of determining the 'cut-off point' and only requires direct measurements of lateral displacements between parallel curves. The value of h obtained using this procedure on these particular results was (6.60*0.31)~ It will be evident that by arbitrarily choosing the system y gain or photon flux in a line, the relative positions of the retarding curves for various wavelengths is, to some extent, arbitrary. The 'geometrical theory' gives guidance upon how to display the retarding curves if a reasonable value of h is to be obtained, however the approximations inherent in the evaluation may lead to errors which are very difficult to estimate.
JS.
Experiments with a guard ring diode and triode
There are several approximations in the theory which make the level of agreement with experiment surprising. It has been assumed that a plane field exists between the anode and cathode, however it is expected that there will be serious field fringing and thus the electron trajectories will not be parabolic. In order to overcome this problem a guard ring was incorporated in the plane of the anode of three times its diameter. Figure 9 shows that the agreement between experiment and theory was rather fortuitious. Now that the field fringing has been removed the effect of the energy-dependent anode collection efficiency, C(E,), becomes evident. It can be seen that the field fringing was partially compensated by the energy dependence of C (E,) . Inset in figure 9 is a plot of anode current over an energy range of -6-20 V. The structure that is seen agrees well with that of McRae and Caldwell (1976) for the reflection coefficient for electrons on oxidised single crystals of copper.
It is possible to remove the complicating effects of C(E,) if all the electrons are collected at effectively the same energy, independent of the diode field. Thus to test the limits of applicability of the simple theory a phototriode was constructed. A 1 cm diameter 750 line per inch, oxidised copper, electroform mesh grid separated by 1 cm from the plane nickel cathode defined the active area of the diode. The grid is at the centre of a 3 cm diameter copper disc to avoid the problem of field fringing. A Faraday cup type collector resides behind the grid which is kept at 2 V positive with respect to the cathode.
If an electron strikes the grid it will be collected or reflected with an efficiency that depends upon energy. For the case of a retarding field, if an electron is reflected there is only a small chance that it can return to the grid for a second attempt at transmission. The reason is that there is expected to be reasonably isotropic scattering at the grid and cathode, and the chance that an electron is scattered at both the grid and cathode into the small solid angle required for return to the grid is small. Thus the collected current should be dominated by that which is directly transmitted by the grid. Figure 10 shows the experimental (I-V) curves for photons of two different energies together with the theoretical results for an anode radius to diode spacing ratio of 1 :2. The theoretical curves have been plotted so that their amplitude is equal to the experimental curve at the theoretical saturation voltage. The general behaviour of the theoretical curves is reasonably well represented by experiment, the agreement being better in the retarding than the accelerating region. The disagreement in the accelerating region is due, at least in part, to the energy-dependent reflection coefficient of the grid, for it will be noticed that the experimental curves have a broad maximum in the region 9-15 V, where one would expect a region of monotonically increasing current. The cut-off region of the curves is shown in more detail in figure 11 in comparison with the theoretical curves. There is good agreement for the lowest energy photoelectrons; this is to be expected for the approximations of constant excitation cross section Q(E) and mean free path A(E') together with the small escape cone angle are best met in the threshold region. However the energy-dependent barrier transmission coefficient T(E') would be expected to be most important in modifying the energy distribution for this group of electrons. Comparison of the measured relative quantum efficiency against wavelength with predictions of the theory seems to confirm the lack of significant energy variation of T(E') at 0.2 eV above threshold.
There is known to be a spread of 0.3 eV in the work function of nickel with crystal orientation. An effect of this size would be easily seen in these measurements if it were present. It must be concluded that the present nickel surfaces are dominated by one particular crystal orientation.
In a careful single measurement using the 434 and 366 nm mercury lines, assuming the theoretical condition of parallelism of the ( I -V) curves in the threshold region for equal fluxes of photons, h came out to be 6.79* 0.20 x Js.
6. Systematic error due to geometry Figure 12 shows in detail the theoretical threshold regions for photon energies of 3.2 and 4.3 eV as a function of R, the ratio of anode radius to diode spacing for a caesiated nickel cathode in a planar diode. The 3.2 eV photon curves have been translated 1 .l eV to higher energies for ease of comparison. For R < 1.3 the gradient of the 3.2 eV photon curve is less than that for the 4.3 eV photon curve over the whole energy range. For R = 1.5 the curves cross at 1.19 eV and for R > 4 the gradient for the 3.2 eV curves is greater than that for 4.3 eV curves over the whole of the retarding region of the 3.2 eV curve. This behaviour can lead to systematic errors in the estimation of h. A popular method of determining the cut-off point is that of constructing tangents to reasonably straight parts of the retarding curves. In the un- Figure 13 Theoretical photocurrent retarding curves in spherical geometry at room temperature and 8 K for equal fluxes of 3.2 and 4.3 eV photons. The 3.2 eV curves have been plotted in their correct position and also shifted by 1.1 eV to higher retarding energies. The thermal tail at 8 K is too small to be plotted on this scale. The effect of temperature upon this geometry is very marked.
The computed curves for a point caesiated nickel cathode at the centre of a spherical anode at room temperature and at 8 K are shown in figure 13 . If one were to measure h in this geometry at room temperature using equal fluxes of 3.2 and 4.3 eV photons and estimate the cut-off energy by constructing tangents to reasonably straight portions of the retarding curves it would lead to an error of +S%. As the temperature is reduced to zero the error reduces to zero. This error will depend upon the ratio of photon fluxes in the two lines. If one had a very strong red line, say an order of magnitude more intense than a blue line, the error would be much reduced and could even become negative.
The effect of temperature upon the errors in plane geometry is much less marked. At room temperature the tail of the I -V curve is about equally due to geometry and temperature, and remains concave to the energy axis at all temperatures.
The early experimental work upon the photoelectric effect
The critical experiment in establishing the Einstein interpretation of the photoelectric effect was that of Millikan (1916a) . The experiments of Hughes (1912) and of Richardson and Compton (1912) showed that there appeared to be a linear relation between frequency and stopping potential but the gradient of the function was not h. Hughes' value was about 20% low and that of Richardson and Compton had a mean value of 5.4 X Js, but varied with the metal being observed. Millikan did not only obtain an extremely good straight line relation between frequency and stopping potential, but for the first time the gradient gave h in very good agreement with the accurate value already known from black body radiation measurements.
Millikan's results are interesting because he explicitly states that the ( I -V) curves 'plunge sharply into the potential axis and do not approach it asymptotically ', Millikan (1961b) . In fact the measured curves exhibit long asymptotic tails, however he established experimentally that these tails were due solely to the presence of stray light. Once this had been demonstrated Millikan (1916a, p 370 ) felt justified in removing them and 'cut the feet off'.
The absence of tailing is surprising on three counts. Firstly for there to be no thermal tail to the (I -V) curves the cathodes would have had to be at a very low temperature indeed, this is known not to be the case. In discussing thermal effects Millikan states that the photoelectrons do not take part in the energies of thermal agitation as might be expected. Secondly the function which he observed has a property which is unique in experimental physics, that is, it is not continuously differentiable. Thirdly the observation of a discontinuity in the retarding curve requires the retarding grid energy analyser to have infinite energy resolution.
The magnitude of the room temperature thermal tail in Millikan's experiment is expected to be approximately the same as that shown in the theoretical ( I -V) curves for the spherical diode, see figure 13 (hv = 3.2, kT = 0.026 eV). After filtering out all traces of short-wavelength light from the spectrometer his observations on lithium showed no appreciable tailing down to 0.3% of saturation current, whereas one would expect this effect to be noticable at 5-10%.
I have no convincing explanation for Millikan's results but it may be significant that the lithium results look reminiscent of ( I -V) curves which are composed of a large forward and small reverse photocurrent, there being some mechanism in the apparatus which supresses the detection of the reverse current.
Lukirsky and Prilezaev (1928) used a spherical geometry to investigate the Einstein photoelectric equation, however, their experiment suffered from having a large reverse photocurrent and consequently they did not observe any thermal tailing. However, they found 'exact cut-off points' indirectly and obtained a value for h of 6.543+0.01 X Js. Olpin (1930) (i) The use of Einstein's theory of photoemission from metals to determine Planck's constant, when in fact it is not applicable because of the unobservable nature of the stopping potential E,,,.
(ii) For some time it was believed that photoelectrons and conduction electrons originated from different states in the metal, however, this is now generally accepted not to be the case. (iii) Several generations of undergraduate textbook have made claims about the photoelectric effect which are not borne out by direct experiment and are incompatible with other branches of physics.
Summary and conclusion
The major errors encountered in an estimation of Planck's constant in the experiment described in this paper stem from sensitivity of the position and gradient of the I -V curves to light intensity. Further the Einstein theory is not strictly applicable to photoemission from metals, for a determination of Planck's constant, at any finite temperature because of the unobservable nature of the parameter E,,,.
The mechanism proposed by Einstein to account for the energy spread of the photoelectrons is not the dominant one.
To a large extent the energy spread in the vacuum reflects that in the metal. The reason for this is that, in near threshold photoemission, the escape cone angle in the metal is small and an inelastic collision would cause the probability for escape to become very small.
That the thermal tail causes the cut-off energy to be unobservable has been known for a long time. Fowler ( l 966) pointed this out when discussing the work of Morris (1931) is that V,, (the cut-off energy) is ill defined experimentally; the curve of photoelectric current versus retarding potential, V, does not present a sharp intercept with the zero axis but rather has an asymptotic transition to zero'. However,
